We study the critical Josephson current flowing through a double quantum dot weakly coupled to two superconducting leads. We use analytical as well as numerical methods to investigate this setup in the limit of small and large bandwidth leads in all possible charging states, where we account for on-site interactions exactly. Our results provide clear signatures of nonlocal spin-entangled pairs, which support interpretations of recent experiments [Deacon, R. S. et al., Nat. Commun. 6, 7446 (2015)]. In addition, we find that the ground state with one electron on each quantum dot can undergo a tunable singlet-triplet phase transition in the regime where the superconducting gap in the leads is not too large, which gives rise to an additional new signature of nonlocal Cooper pair transport.
I. INTRODUCTION
Creating mobile spin-entangled electron pairs in solid state transport setups has been the subject of intensive research in recent years. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] The proposed setup of Ref. 1 consists of an s-wave superconductor coupled to two quantum dots (QDs) in the Coulomb-blockade regime, which are further coupled to outgoing Fermi liquid leads, [12] [13] [14] [15] [16] where a dominant transport channel comprising pairwise and nonlocal transport has been identified. The degree of spin-entanglement of the nonlocal pairs, however, has so far not been measured as it is not straight forward to measure spin correlations directly. Many ways have been proposed to detect the spin entanglement ranging from violating a Bell inequality, [17] [18] [19] noise properties in a beam-splitter setup [20] [21] [22] [23] [24] [25] or converting the electron-spin pairs to photons. [26] [27] [28] [29] [30] Recently, Deacon et al. 31 realized a Josephson junction containing a double quantum dot (DQD) embedded in the junction. The critical current of the junction was investigated and signs of nonlocal pair transport coherently involving both QDs were conjectured by showing that the results are incompatible with two uncorrelated transport channels of supercurrent separately via each QD.
Here, we analyze in detail the setup of Ref. 31 using both analytical and numerical tools. We thereby go beyond existing theoretical work on the proposed setup 32, 33 by taking into account all of the filling factors of the QDs up to two levels per QD. We also relax the assumption of a large superconducting gap compared to the QD level energies ε i and the charging energy U i of the QDs i = 1, 2. The signatures of nonlocal pair transport we investigate do not rely on the Aharanov-Bohm effect [33] [34] [35] or on SQUIDs.
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We first introduce the model Hamiltonian in Sec. II and a special limit, the zero-bandwidth approximation, where the superconducting leads are represented by a single site with pairing interaction. We then calculate the critical current in the ground state of the junction numerically by exact diagonalization and compare it to a fourth-order perturbation theory in the tunneling from the DQD to the superconducting leads, both in the zero-bandwidth limit and in the wide-band limit. In the perturbation theory, the different tunneling paths, local and nonlocal contributions, become explicit. The ground state in the (1, 1)-charging sector of the DQD (Figs. 1 and 3) changes as a function of the level energies on the QDs and/or charging energy from nonlocal singlet to nonlocal triplet. The triplet ground state is stabilized in the regime ε i /|∆ ν | > 1 by cotunneling processes, which are independent of the superconducting phase difference and therefore are not of the Andreev reflection type. We show that the so-far undiscovered triplet phase also crucially depends on the parity of the tunneling matrix elements ( Figs. 1 and 3) . Going beyond the zero-bandwidth approximation by considering superconducting leads in the wide-band limit, we show perturbatively in the tunneling, that the triplet phase also exists in this case if the charging energies U i of the QDs are finite. This extends the model considered in Refs. 32 and 33, where only singlet phases in the ground state are predicted, to the case of finite U i hosting both singlet and triplet ground states.
We further study a multilevel model numerically in which one of the QDs has an additional single-particle level, and show that this configuration gives a qualitatively good description of the experimental results of Ref. 31 , assuming different parities for the tunneling matrix elements for the two levels on one QD.
Finally, we present the analytical case of large superconducting gaps, where we can integrate out the superconducting leads obtaining an effective model for the DQD system only. This parameter regime corresponds The symmetry of the orbital wave functions on the quantum dots is captured in the total tunnel parity P = sgn(tL1tL2tR1tR2), or, equivalently, in ±tR2, and has distinctive signatures in the critical current. (c) Critical current across the junction at zero temperature as a function of the quantum-dot level energies ε1,2 obtained in the zero-bandwidth approximation (Sec. II A). The upper-left half of the plot shows the critical current at even tunnel parity and the lower-right half at odd tunnel parity. The critical current becomes large close to ground-state transitions where the charge of the quantum dots (N1, N2) fluctuates. At even tunnel parity a transition between a nonlocal singlet (S) and a triplet (T) ground state in the (1, 1) sector emerges. The parameters are |t| = 0.5∆ and the Coulomb repulsion U = 10∆, where ∆ is the magnitude of the superconducting gap in the leads.
to the limit where the nonlocal processes can be maximized by having, in addition, a charging energy much larger than the induced superconducting gap. Here, as expected, we obtain only a singlet ground state in the (1, 1) sector.
II. MODEL
We consider the geometry depicted in Fig. 1(a) . Two QDs i = 1, 2 are tunnel coupled in parallel to two s-wave superconductors ν = L, R at x = 0 with amplitudes t νi , which are chosen real in the absence of a magnetic field. Each QD contains only a single spin-degenerate level, σ =↑, ↓, with energy ε i and with the local Coulomb repulsion U i , which is relevant for transport. There is no direct cross-talk between the QDs or between the superconductors. The Hamiltonian is
with the QD contributions
the superconducting lead contributions
and their tunnel coupling
where the d iσ operators annihilate electrons localized on the QDs and where the c kνσ and the ψ νσ (x) operators annihilate spin-σ electrons in lead ν with momentum k or at position x, respectively. The normal-state dispersion in the leads is ε kν . We assume the two superconducting leads to be of the same material with the same superconducting energy gap ∆. Their superconducting phases ϕ ν are not equal if a finite supercurrent flows across the DQD structure but only the difference between the superconducting phases, ∆ϕ = ϕ L − ϕ R , is a gauge-invariant quantity, which enters the physical observables, and is conveniently absorbed into the tunnel couplings to the right lead, whereas the couplings to the left lead are strictly real. Furthermore, the behavior of the Hamiltonian, Eq. (1), depends drastically on the sign of the tunnel couplings. This sign is determined by the overlap between the wavefunctions in the respective superconducting lead and on the QD. Having assumed that the leads are s-wave superconductors, the sign depends on the orbital parity of the QD levels, i.e., for an even orbital both the left and right tunnel coupling have the same sign, while they have opposite signs for an odd orbital [ Fig. 1(b) ]. We can recast all the possible sign combinations into two possibilities by defining the total tunnel parity, 36 P = sgn(t L1 t L2 t R1 t R2 ), which may be gauged arbitrarily into one of the tunnel couplings. Accounting for both of the effects, we replace t R1 → t R1 e i∆ϕ/2 and t R2 → Pt R2 e i∆ϕ/2 , where all t νi > 0. We will discuss the case in which both QDs are in the single-level and Coulomb-blockade regime where the level broadening due to the tunnel couplings to the leads, Γ νi = 2πN (ε F )|t νi | 2 with N (ε F ) the normal-state density of states at the Fermi level, is much smaller than the level spacing and than the Coulomb repulsion, Γ νi δε i , U i . Then the QDs have a well-defined charge (N 1 , N 2 ) except close to transport resonances [ Fig. 1(c) ].
In the presence of interactions, there are several approaches that have been used to study transport through a DQD Josephson junction, including mean field, 37 quantum Monte Carlo, 43 and finite order perturbation theory. 44 Here we combine a zero-bandwidth approximation and conventional perturbation theory to obtain both reliable results and physical insight. We restrict this analysis to the critical Josephson current I c at low temperatures T by setting T = 0. Even though this is a macroscopic and thus directly accessible quantity, we will see that it contains various clear signatures of nonlocal Cooper-pair transport, some of which have already been observed. 31 Having obtained the ground-state energy E 0 (∆ϕ) of H either by perturbation theory or by exact diagonalization, the critical current is immediately given as the maximum supercurrent
supported by the ground state of the system.
A. Zero-bandwidth approximation
We follow Ref. 45 and integrate out the superconducting leads, yielding the effective lead Hamiltonian
and renormalized tunnel parameters t νi →t b νi . Thus, the Josephson junction is represented by a four-site superconducting molecule, which can be exactly diagonalized. Former studies using the zero-bandwidth approach in interacting Josephson junctions have proven to show qualitatively good agreement with mean-field calculations. This approach retains the essential features of the competition between pairing correlations and Kondo correlations occurring in the single-QD case. 46, 47 The renormalized parameters ∆ b , t b νi may be obtained from selfconsistent calculations. 45 We compare the results coming from the zero-bandwidth lead Hamiltonian, Eq. (6), with the fourth-order perturbation-theory calculations using the original Hamiltonian, Eq. (3), and find very good agreement already using the bare couplings, ∆ b = ∆ and t b µi , in the regime where t νi |∆|, up to a global prefactor, which is proportional to the energy density of states of the normal-state leads.
B. Perturbation theory and microscopic behavior
The numerical treatment by exact diagonalization has to be accompanied by a perturbative treatment to identify the physical processes giving rise to the critical current, in particular, to understand which features are attributable to nonlocal Cooper-pair transport. Furthermore perturbation theory is not restricted to the zerobandwidth approximation. We calculate the corrections to the ground-state energy of the isolated QDs due to their coupling to the superconducting leads in fourth order of t iν , which is the leading order of Cooper-pair transfer between the leads. To handle the large amount of processes available in fourth order we develop a diagrammatic scheme, the details of which are given in App. A.
In the unperturbed ground state, there are no excitations in the leads and the QDs have a well-defined charging state (N 1 , N 2 ), where N i is the number of electrons on QD i. Each charging state is spin degenerate and can be realized by different quantum states, |α, β := |α QD1 |β QD2 , all of which are completely decoupled because the model conserves the z projection of the total spin, S z . The only exception are the states in the (1, 1) sector with S z = 0, where degenerate perturbation theory in the space spanned by the states |↑, ↓ and |↓, ↑ is required. Since the total spin is conserved, the degenerate subspace is diagonal in the basis of the nonlocal singlet and the nonlocal triplet,
Spin-exchange processes, i.e., processes which swap the spins of the QDs, split the singlet and the triplet. Note that the spin triplets with S z = ±1 behave equivalently to |T by spin-rotation invariance. The terms in the perturbative expansion are local or nonlocal, where local processes involve only one of the QDs whereas nonlocal processes involve both QDs. Furthermore, we call all processes Josephson processes, in which entire Cooper pairs are removed from or added to the superconducting leads due to two single-particle tunnel events. In processes which are not Josephson processes as many carriers are added to each lead as are removed, so we call them cotunneling processes.
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Summarizing all of the processes, we can write down the general form of the correction of the ground-state energy in perturbation theory, (9) where the superscript denotes whether the correction is due to local (loc) or nonlocal (nl) processes and the subscripts denote whether the correction comes from a cotunneling (CT) or from a Josephson (J) process. For local processes, the second subscript denotes the QD which is involved in the process whereas for nonlocal processes, the second subscript denotes whether the process is a spin-exchanging (se) or spin-conserving (sc) process. The spin-exchange contributions are nonzero only in the (1, 1) sector. In the (1, 1) sector, Eq. (9) is thus the energy correction of the nonlocal triplet (upper sign) and the nonlocal singlet (lower sign).
In the charge sectors with a unique ground state, the critical current is given directly by the amplitude of the phase-dependent corrections of the ground-state energy, which, in perturbation theory, are proportional to cos(∆ϕ). The amplitude is commonly referred to as Fig. 3 . At odd total tunnel parity, P = −1, the ground state is a singlet at all ∆ϕ and the critical current has the conventional sinusoidal dependence on ∆ϕ. The junction is in the π phase.
the (phase-independent) Josephson energy E J and the critical current is proportional to the Josephson energy, I c ∝ E J . Since E J decomposes into local and nonlocal contributions, so does I c . The critical phase is always at ∆ϕ = ±π/2, where ∂ ∆ϕ cos(∆ϕ) is maximized.
In the (1, 1)-charge sector, the situation is more complicated. Both the energy of the singlet state and the energy of the triplet state, cf. Eq. (9), depend on the phase difference such that they may cross for suitable parameters and hence the ground state changes between singlet and triplet as a function of the phase difference ∆ϕ. Three possible situations are shown in Fig. 2 . If there is a singlet-triplet ground-state transition as a function of the phase difference, the cosinelike energy-phase relation of the ground state δE 0 (∆ϕ) becomes a piecewise function of the phase difference with two different amplitudes and with two different constant energy offsets for the singlet state and the triplet state, cf. right panels of Figs. 2(a) and (b) . When the critical current is probed, the junction adjusts to the phase difference which maximizes the supercurrent. This is not necessarily at the conventional value ∆ϕ = ±π/2. At ∆ϕ = ±π/2 there might be a singlet (triplet) ground state with a low amplitude E J (∆ϕ) which cannot carry as high a supercurrent as the triplet (singlet) ground state at a different phase difference ∆ϕ = ±π/2 but with a larger amplitude Fig. 2(b) ]. 49 Then the junction will switch to the triplet (singlet) ground state and the critical phase locks to ∆ϕ .
III. RESULTS
A. Singlet-triplet ground-state transition
In Fig. 3 , we present the results for the critical current of the DQD Josephson junction. In Fig. 3(a) , we plot the critical current and the total spin of the QD system in the ground state carrying the critical current depending on U = U 1 = U 2 and on ε 1 at fixed ε 2 = −1.5∆ in the zerobandwidth limit. When the tunnel parity is even, P = 1, (left panels) the total spin in the (1, 1) sector changes from a singlet to a triplet in a regime of finite charging energy U . This is true both in the zero-bandwidth limit (solid and dash-dotted phase boundaries) and in the wide-band limit (dashed phase boundary) with no qualitative differences. In the wide-band limit, the normalstate density of states in the superconducting leads is constant at all relevant QD energies. Then it affects the critical current only as a constant prefactor, which we choose to fit the zero-bandwidth results. With the tunnel couplings |t νi | = 0.5∆, as chosen in Fig. 3 , and a superconducting gap on the order of ∆ = 0.1 meV, we obtain a critical current of a few nanoampere at the resonances. This agrees with the experimental data of Ref. 31 , where aluminum electrodes were used.
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In the wide-band limit at very large Coulomb repulsion, U i → ∞, the parameter space is confined to what is the upper right corner of the (1, 1) sector in Fig. 1(c) and the triplet ground state cannot be observed, consistent with earlier studies. 32 Numerically, we confirm that the triplet ground state can emerge if either the Coulomb repulsion or the bandwidth are not significantly larger than all other energy scales, which makes it rather the rule than the exception.
Intuitively, one could expect a singlet ground state in the (1, 1)-charge sector, which could be justified by noting that only the nonlocal singlet can tunnel into the leads to hybridize with the Cooper pairs in the s-wave superconductors and lower its energy. However, in addition to this second-order Cooper-pair tunneling process, there are genuine fourth-order terms with additional intermediate single-particle excitations in the superconducting leads. They cannot be decomposed into two Cooper-pair tunnel events and may favor the triplet ground state.
The splitting of the nonlocal singlet and the nonlocal triplet is given by E nl CT,se + E nl J,se (∆ϕ). Since the superconductors are identical, the energy corrections can be split into a matrix element M nl/loc CT/J,se/sc and the tunnel couplings to the leads. Since we associate the parity P and the phase difference ∆ϕ to the tunnel couplings t νi ,
FIG. 3. (Color online) (a)
Critical current and total spin of the Josephson junction depending on the on-site energy ε1 on quantum dot 1 and on the Coulomb repulsion U = U1 = U2. Quantum dot 2 is kept at ε2 = −1.5∆ and the tunnel couplings are |tνi| = 0.5∆. Following the white dotted line from left to right, the quantum-dot occupation varies (2, 1) → (1, 1) → (0, 1). The critical current increases at each transition because the particle number fluctuates. Left: at even total tunnel parity, P = 1, an additional ground-state transition between a nonlocal singlet and a nonlocal triplet occurs in the (1, 1) sector. It is caused by competing cotunneling processes between the quantum dots via the superconducting leads which give rise to an exchange interaction (text). The red lines indicate the phase boundary obtained in perturbation theory in the zero-bandwidth approximation (dash dotted) and in the wide-band limit (dashed). Right: at odd total tunnel parity, P = −1, the singlet-triplet transition is absent. (b) Cuts across the ε1-U plane at U = 7.5∆ reveal that the shape of the current peaks depends strongly on the tunnel parity. This can be traced back to the singlet-triplet transition (text), which also immediately manifests as a kink in the critical current. Since singlet and triplet can be distinguished only by nonlocal transport, this kink is immediate evidence of coherently split Cooper pairs. There is no qualitative difference between the zero-bandwidth approximation (exact: solid black, perturbative: dash-dotted red) and the wide-band limit (dashed red). In the wide-band limit, the critical current scales with the density of states, which is chosen to agree with the result in zero-bandwidth approximation.
the matrix element is then independent of either. Each nonlocal process contributing to E nl J,se (∆ϕ) can involve the same superconducting lead twice or both leads once. Summing all combinations we obtain
where we find M nl J,se > 0, such that E nl J,se is strictly positive and favors the singlet ground state. The details of the calculation of the matrix elements are given in App. A.
With the same arguments, we find
so the sign of E nl CT,se is determined solely by M nl CT,se . This time, however, the perturbative analysis of M nl CT,se reveals that processes of both signs exist. Processes in which the electrons are exchanged via electronlike excitations in the leads [ Fig. 4(a) ] have a different number of fermion-exchange signs than processes in which the electrons are exchanged via an electronlike and a holelike excitation [ Fig. 4(b) ]. Processes involving only electronlike excitations lower the singlet while process involving an electronlike and a holelike excitation lower the triplet. All spin-exchange processes are listed in App. A.
For the existence of a triplet ground state the Josephson processes play a minor role as they are suppressed if ∆ϕ is chosen such that P cos ∆ϕ = −1. The nonlocal triplet is thus driven by the sign of E nl CT,se , which is ultimately determined by the microscopic parameters.
The influence of ∆ on the parameter space in which there may be a triplet ground state can be estimated. The matrix element of each process in the perturbative expansion is weighted by the product of the reciprocal virtual excitation energies (cf. App. A). In electronlike processes, which favor the singlet ground state, all virtual states involve excitations on the QDs. They can be estimated by
where ε DQD is a typical DQD-excitation energy. By using electronlike and holelike excitations, however, it is possible to restore the initial DQD state at the expense of two virtual excitations in the leads. These processes, which favor the triplet ground state, are hence weighted by
If ∆ is comparable or smaller than ε DQD , the ratio between triplet-favoring and singlet-favoring processes, 1 + ε DQD /∆, becomes large and a triplet ground state may emerge. In general, second-order Cooper-pair tunneling restores the ground state of the superconducting leads in one intermediate virtual state, whereas the leads are excited in all three intermediate states of genuine fourthorder processes. So, genuine fourth-order processes have an additional suppression by ∆ −1 compared to secondorder Cooper-pair processes. 51 If the superconducting gap is very large compared to the other energy scales, the singlet character induced by the superconducting leads dominates and we recover the intuitive singlet ground state. We investigate this limit in more detail in Sec. V. The triplet ground state is absent in the regime of odd total tunnel parity, P = −1, [ Fig. 3(a), right panel] . This is because different cotunneling processes interfere destructively, which reduces the magnetic exchange coupling. At negative tunnel parity, P = −1, the paritydependent factor in Eq. (11) is reduced and even vanishes in a symmetric setup, t Li = t Ri . Without the exchange coupling, the nonlocal Josephson processes will always favor the singlet over the triplet, cf. Eq. (10) and Fig. 2(c) .
B. Peak asymmetry and signature of nonlocal transport Fig. 3(b) shows the critical current as a function of ε 1 for a fixed on-site repulsion U = 7.5∆ in the P = ±1 regimes. Red lines are the results from perturbation theory in the zero-bandwidth limit (dash dotted) and in the wide-band limit (dashed), both of which agree with the exact results of the zero-bandwidth model (black solid). In general, the critical current is high at the charge neutrality points where the number of electrons on the QDs can fluctuate.
Both the singlet ground state and the triplet ground state can support a finite supercurrent. In the singlet phase, the supercurrent tends to be higher because there is an additional transport channel where the two electrons of a Cooper pair are simultaneously added to or removed from the DQD. In the triplet ground state, this channel is blocked by the Pauli exclusion principle. At the resonance near ε 1 = 0 in Fig. 3(b) , the QD charging states (1, 1), (1, 0), (0, 1), and (0, 0) are almost degenerate so this type of transport is particularly strong and in the singlet ground state the supercurrent is primarily carried by the process shown in Fig. 5(a) . By inspecting all possible combinations, it is easy to see that there is no fourth-order transport process in the triplet ground state involving the (0, 0)-charging state.
52 At the other resonance, however, ε 1 ≈ −U 1 , a Josephson process involving the almost-degenerate QD states (1, 1), (1, 0), (2, 1), and (2, 0) does exist in the triplet ground state [ Fig. 5(b) ]. So with increasing ε 1 in Fig. 3(b) , the singlet ground state has resonances both at the (2, 1)-(1, 1) transition  and at the (1, 1)-(0, 1) transition but the triplet ground state has only one resonance at the (2, 1)-(1, 1) transition. Hence, at even parity, with increasing ε 1 the critical current decreases in the (1, 1) sector as long as the system is still in the triplet ground state. Only once the ground state switches to a singlet, which happens close to the (1, 1)-(0, 1) transition [cf. Fig. 3(a) ], the critical current rises again, producing a notable asymmetry between the resonance peaks. At odd parity, there is no asymmetry because the ground state remains a singlet throughout the entire (1, 1) sector.
We emphasize that the singlet-triplet transition of the ground state in the (1, 1) sector, realized in a large parameter window, leads to a kink in the critical current as a function of ε 2 . This kink appears because, in the singlet phase, different processes contribute to the critical current than in the triplet phase and, hence, the dependency on the on-site energies changes across the singlettriplet transition. Since the distinction between triplet and singlet phases results from phase coherent and nonlocal exchange, its observation in the critical current is a clear sign of nonlocal Cooper-pair transport.
At odd tunnel parity, P = −1, there is no singlettriplet transition and hence no signature of nonlocal transport in the critical current. The other way around, if two neighboring resonance peaks belonging to the same level of a QD decay symmetrically in the offresonant regime between them, the level has odd parity. An asymmetric decay may be caused by a singlet-triplet transition and indicates even parity.
IV. MULTILEVEL QUANTUM DOT
In order to make contact to the experiments presented in Ref. 31 , where multiple QD levels were probed, we include one extra level in the model, e.g., on QD 2. In this way, we can study the evolution of the critical current along four consecutive resonances by continuously tuning ε 2 . This scenario requires the substitution of H 2 in Eq. (1) by (14) where δ is the energy separation between the QD levels, and U ij the Coulomb energy coming from the interaction of the occupation of the levels i and j on the second In the absence of nonlocal transport, the three curves are expected to differ only by a constant. Instead, when approaching the resonance, ε1 → 0, the critical current grows more strongly at the peaks and less strongly between the peaks. Within our model this behavior is clearly attributable to nonlocal coherent transport and it was already observed experimentally.
31

QD.
53 Besides, we also need to include an additional tunnel coupling to Eq. (4). Computationally, the addition of the extra level requires to extend the 256 × 256 Hamiltonian matrix to a 1024 × 1024 matrix, which remains tractable. Taking into account that the levels are well separated, we can still define the total tunnel parity close to a resonance as within the single-level model involving only the four relevant tunnel couplings.
Choosing the measurement presented in Fig. 4 of Ref. 31 as a specific example, we observe that two neighboring resonance peaks at lower gate voltages (higher onsite energies) are clearly more symmetric than two neighboring resonances at higher gate voltages (lower on-site energies). Within our model this is expected if the two lower peaks belong to one level with odd parity and the two higher peaks belong to one level with even parity (cf. Fig. 3 ). Note that concerning the occupation numbers this does not agree with Ref. 31 , which seems to suggest that, in total, three levels on QD 2 are involved. Nevertheless, the model is clearly capable of reproducing the qualitative features observed in the experiment when choosing the appropriate parameters.
In Fig. 6 we show the critical current as a function of ε 2 and ε 1 (top panel) and in the lower panel we perform three cuts at different values of ε 1 . Close to the resonance (blue and green curves), the results are basically equivalent to the results from the single-level model, once with even parity, and once with odd parity. Here, we recover the signature of nonlocal transport proposed in Ref. 31 : if there were only two independent transport channels, local transport through QD 1 and local transport through QD 2, the blue and the green curve would only differ from each other by being shifted along the vertical axis. This is because changing ε 1 would only affect the contribution of the critical current going through QD 1, which is independent from ε 2 , i.e., it cannot influence the behavior of the critical current along the horizontal axis in the lower panel of Fig. 6 . Choosing, however, an arbitrary reference point as indicated by the shaded areas, we can clearly see that there is cross-talk between ε 1 and ε 2 . When QD 1 is brought closer to resonance, the resonance peaks of QD 2 grow, indicating an additional transport channel involving both QD 1 and QD 2. Moreover, there are interference effects which reduce the critical current between the two levels on QD 2, when QD 1 is brought closer to resonance. More strikingly, for values of −ε 1 > t, U , we observe that the resonance at ε 2 ≈ −18∆, increases when effectively decoupling QD 1 (yellow curve). Now, the Cooper pairs tunnel locally through QD 2 but through two different levels. Note that this feature cannot occur in the simpler model with only two single-level QDs. Summing up, our model reproduces the signatures of nonlocal transport observed in Ref. 31 even though, as we have argued in Sec. II B, the actual decomposition of the Josephson energy is more complicated than stated in their work.
V. REGIME OF DOMINANT NONLOCAL TRANSPORT
Finally, we comment shortly on the regime in which nonlocal transport is dominant, similar to the Cooperpair-splitter regime of superconductor-normal junctions proposed in Ref. 1 . In this regime, the superconducting gap is significantly larger than the on-site energies and than the tunnel couplings, ∆ ν ε j , t µj and excitations in the superconducting leads are highly unfavorable. This suppresses both the cotunneling contributions which allow for a triplet ground state and the sequential Josephson processes which enable a supercurrent to flow in the triplet ground state. As a consequence, there is never a triplet ground state in the limit of large ∆ ν .
When the QDs are brought close to the (0, 0)-(1, 1) point or to the (1, 1)-(2, 2) point in the stability diagram, the only remaining transport channel is nonlocal, i.e., the Cooper pairs have to be split: simultaneous transport of a pair through a single QD is suppressed by the Coulomb repulsion U i and sequential transport of single electrons originating from the same Cooper pair through the QDs is suppressed by the superconducting gap ∆ ν . In this situation, the model can be simplified further by completely integrating out the superconducting leads 30, 54 to leading order in t νi /∆ ν . Assuming that |ε i |, U i , t νi ∆ ν and absorbing a renormalization of the on-site energies into ε i , we obtain
where∆ ij is the effective amplitude to inject a local (i = j) or a nonlocal (i = j) Cooper pair andt describes cotunneling. The parity enters via P ν = 1 if ν = L and P ν = P if ν = R. Because there are no sequential Cooper-pair transport processes as shown in Fig. 5(b) , the triplet sector cannot support any supercurrent and decouples completely. We obtain the critical current in the limit of large ∆ ν by exact diagonalization of Eq. (15) (Fig. 7) . At a first glance, the behavior of the critical current looks deceptively similar to the results discussed before with resonancelike features along the ground-state transitions. But sequential transport is not possible without intermediate excitations in the superconducting leads. So in the (1, 1) ground state, transport is possible only in resonance with the (0, 0) state, which requires ε 1 + ε 2 = 0, and in resonance with the (2, 2) state, which requires ε 1 + ε 2 = 2(ε 1 + ε 2 ) + U 1 + U 2 . The ground state, however, is (1, 1) only if ε i < 0 and ε i < 2ε i + U i . This rules out all configurations except ε 1 = ε 2 = 0 and ε i = −U i . Two more nonlocal resonances are found similarly in the sector of odd total occupation when ε 1,2 = 0 and simultaneously ε 2,1 = −U 2,1 . Local transport, on the other hand, is resonant if the (N 1 , 0) state is in resonance with the (N 1 , 2) 
VI. CONCLUSION
In this work, we have considered the setup of a doublequantum-dot Josephson junction. We have used exact diagonalization and perturbation theory in the tunneling from the quantum dots to the superconducting leads in order to calculate the critical current of the junction. We included all possible occupations of the quantum-dot levels for various values of the quantum-dot level energies including finite on-site Coulomb repulsion. Depending on the parity of the quantum-dot levels, we discovered a nonlocal (one electron per quantum dot) singlettriplet ground-state transition (at total even parity) as a function of the quantum-dot level energies for a large parameter window when the superconducting gaps are smaller than or comparable to the quantum-dot energy scale. This transition becomes visible as a kink in the critical current with an associated asymmetric line shape between resonances, which could serve as a new sign of coherent Cooper-pair splitting. We consistently find this physics in zero-bandwidth approximation, where each superconducting lead is modeled as a single site with pairing interaction, as well as in the wide-band limit of continuous open leads. Regarding recent experiments 31 on this setup, we included an additional level with opposite parity on one of the quantum dots. We observed critical current traces by varying the gate voltage of the quantum dot with two levels for different but fixed level energies of the other quantum dot that are consistent with the experiment: the different traces are not just shifted by a constant offset but show enhanced relative current profiles near resonances, which, in our model, is directly related to coherent Cooper-pair transport via different quantum dots as was conjectured in Ref. 31 . In addition, we observe asymmetric line shapes between a pair of subsequent resonances due to nonlocal singlettriplet ground-state transitions associated with quantumdot levels showing even total parity. Such asymmetries are also visible in the experiment. Finally, we analyze the model in the limit of large superconducting gaps, where we can integrate out the superconductors thereby creating a proximity effect in the quantum dots. The resulting effective model for the quantum dots can be solved exactly and we find that all current resonances are dominated by nonlocal processes in this limit. The correction of the ground-state energy can be obtained conveniently using the Schrieffer-Wolff transformation, which decouples the low-energy degrees of freedom, i.e., in our case the (possibly degenerate) ground state m, from the high-energy degrees of freedom, i.e., all excited states l, up to fourth order in the tunneling between the QDs and the superconducting leads. Following Ref. 55 , the fourth-order contribution to the resulting low-energy Hamiltonian matrix is
where E η is the energy of the unperturbed state η and H ij is the matrix element for transitions between states i and j. If the unperturbed ground state is unique, H (4) is one dimensional and equivalent to the ground state energy correction δE 0 . In the degenerate (1, 1)-charge sector with S z = 0, H (4) is two dimensional. For the calculation of the matrix elements it is convenient to choose as basis | ↑, ↓ and | ↓, ↑ , such that the absolute value of the offdiagonal terms H To organize all processes, we represent them by diagrams. We take the point of view of the DQD system. From this point of view, the DQD emits electrons to the leads or absorbs electrons from the leads. Due to the excitation gap of the superconductors, tunneling proceeds in pairs: the DQD can emit an electron into a superconductor which is later reabsorbed, absorb an electron from the Fermi sea and subsequently fill the hole which was created, emit two electrons which form a Cooper pair, or absorb two electrons by destroying a Cooper pair. At this point it does not matter which one of the leads enables the process as later on all possibilities are summed over. To keep track of which QD is affected by one tunneling event, we represent each QD by one horizontal line. Each tunnel event involving the QD is a vertex on this line. A line connecting two vertices indicates, which two tunnel events are connected by one of the processes mentioned above. We name it a lead line. Two example diagrams are shown in Fig. 8 . The process on the DQD is the same but it is mediated by two different lead processes; in Fig. 8(a) the process is mediated by Josephson processes whereas it is mediated by cotunneling in Fig. 8 Since all processes conserve the total charge of the DQD, they are always a sequence of two creation and two anihilation events both in the DQD and in the leads. It can easily be checked that all possible sequences decompose into a part concerning the leads and a part concerning the DQD without acquiring an overall fermionexchange sign. But within both of the subsystems, we need to account for possible signs due to fermion exchange. To determine the sign of the QD subsystem, the number of permutations is counted which would be required to arrange all vertices of QD 1 to the left of all vertices of QD 2. If the number is odd, a fermionexchange sign results.
If the spin of the electron on a QD is changed in a spinexchange process, another sign may occur. Changing the spin of a QD can be done either by removing the electron and filling the QD with an electron of opposite spin (intermediate occupation number 0) or by adding another electron and removing the first electron afterwards (intermediate occupation number 2). In the second case, an additional exchange of fermions is necessary when re- moving the first electron, which we call spin flip via a local singlet. Such a spin flip introduces a sign.
To determine the sign of the processes on the DQD, we can thus summarize the following rules:
• Draw the diagram.
• Count the number of permutations which would be required to arrange all vertices of QD 1 to the left of all vertices of QD 2. If it is odd, add a sign.
• Count the spin flips via a local singlet (intermediate occupation number 2). Each contributes a fermionexchange sign.
To determine the contributions due to the lead process, we construct an auxiliary diagram by collapsing the two lines of the QDs onto one. These auxiliary diagrams are the third horizontal line in Figs. 8(a,b) . Now each crossing of lead lines corresponds to a commutation of lead operators. Furthermore, each lead line represents a normal or an anomalous superconducting correlation function. If, e.g., a lead line connects two events in which, read from the left to the right, first a spin-up electron is removed from the superconductors and then a spin-down electron is removed from the superconductors, the corresponding correlation function is c ↓ c ↑ . All correlation functions can be calculated using the standard Bogoli-
